By constructing a special cone in C 1 0, 2π and the fixed point theorem, this paper investigates second-order singular semipositone periodic boundary value problems with dependence on the first-order derivative and obtains the existence of multiple positive solutions. Further, an example is given to demonstrate the applications of our main results.
Introduction
In this paper, we are concerned with the existence of multiple positive solutions for the second-order singular semipositone periodic boundary value problems PBVP, for short : u t a t u t f t, u t , u t , t ∈ 0, 2π , u 0 u 2π , u 0 u 2π ,
where a ∈ C 0, 2π , the nonlinear term f t, u, v may be singular at t 0, t 2π, and u 0, also may be negative for some value of t, u, and v.
In recent years, second-order singular periodic boundary value problems have been studied extensively because they can be used to model many systems in celestial mechanics such as the N-body problem see 1-11 and references therein . By applying the l 1 sin 2mπ 2m 1 − cos 2mπ , l 2 sin mπ m 1 − cos 2mπ , l 3 1 2 .
2.5
Let E {u ∈ C 1 0, 2π : u 0 u 2π , u 0 u 2π } with norm u max{ u 0 , u 0 }, where u 0 max t∈ 0,2π |u t |. 
It is easy to conclude that K is a cone of E and Ω r is an open set of E. 
Then A has a fixed point in P ∩ Ω 2 \ Ω 1 . For convenience, let us list some conditions for later use.
where g ∈ C 0, 2π , R , h ∈ C 0, ∞ × R, R , and 0 < 2π 0 g t dt < ∞; 
where ω t : 2π 0
G t, s ds.
Proof. We consider the following PBVP:
3.1
It is easy to see that if u ∈ C 1 0, 2π ∩ C 2 0, 2π and r 1 < u < R 1 is a positive solution of PBVP 3.1 with u t > Mω t for t ∈ 0, 2π , then x t u t − Mω t is a positive solution of PBVP 1.1 and r 1 < x Mω < R 1 .
As a result, we will only concentrate our study on PBVP 3.1 .
Define an operator T :
where G t, s is the Green function to problem 2.3 .
1 We first show that T : 
G t t, s f s, u s − Mω s , u s − Mω s M ds
From 3.5 , we have
where
Lemma 2.1 and Lebesgue-dominated convergence theorem guarantee that which implies that the functions belonging to { TD t } are equicontinuous on 0, 2π . From Lemma 2.1, we have
G t t, s ⎧ ⎨ ⎩ α 1 H t h s β − 1 h t H s cH t H s dh t h s , 0 ≤ s ≤ t ≤ 2π, αH t h s βh t H s cH t H s dh t h s ,
where α, β, c, d are constants, h, H ∈ C 2 0, 2π are independent solutions of the linear differential equation u a t u t 0, and H t h t − h t H t 1. It is easy to see that G t t, s is continuous in t and s for 0 ≤ s ≤ t ≤ 2π and 0 ≤ t < s ≤ 2π. So, for any t 1 , t 2 ∈ 0, 2π , t 1 < t 2 , we have
3.11
Therefore, 
3.12
Thus, the functions belonging to {TD t } are equicontinuous on 0, 2π . By Arzela-Ascoli theorem, TD is relatively compact in C 1 0, 2π . 
For any u ∈ K ∩ ∂Ω r 1 , we have
3.14
From H 1 and 3.2 ,
3.15
Suppose that there exist λ 0 ≥ 1 and u 0 ∈ K ∩ ∂Ω r 1 such that u 0 λ 0 Tu 0 , that is, for t ∈ 0, 2π ,
3.16
This is in contradiction with u 0 ∈ K ∩ ∂Ω r 1 and 3.13 holds.
3 Next, we show that
Suppose this is false, then there exist λ 0 ∈ 0, 1 and u 0 ∈ K ∩ ∂Ω R 1 with u 0 λ 0 Tu 0 , that is, for t ∈ 0, 2π , we have
3.18
From H 2 , we have
3.19
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3.20
Thus, u < R 1 . This is in contradiction with u 0 ∈ K ∩ ∂Ω R 1 and 3.17 holds.
Now, we show that Let α * , β * π/2, π , then it is easy to check that H 3 holds. Thus all the conditions of Theorem 3.1 are satisfied, so PBVP 3.27 has at least two positive solutions u 1 , u 2 ∈ C 1 0, 2π ∩ C 2 0, 2π and u 1 t , u 2 t > 0 for t ∈ 0, 2π .
